ON THE ENDOMORPHISMS OF WEYL MODULES OVER 
AFFINE K AC-MOODY ALGEBRAS AT THE CRITICAL LEVEL 
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Abstract. We present an independent short proof of the main result of FG07 
that the algebra of endomorphisms of a Weyl module of critical level is isomor- 
phic to the algebra of functions on the space of monodromy-free opers on the 
disc with regular singularity and residue determined by the highest weight of 
the Weyl module. We derive this from the results of [FFR| about the shift of 
argument subalgebras. 



1. Formulation of the main result 

1.1. Weyl modules at the critical level. Let q be a simple Lie algebra, and 
be the corresponding affine Kac-Moody algebra. The Lie algebra is a central 
extension of the formal loop algebra g((i)) by one-dimensional center with generator 
1 . The commutation relations are as follows: 

(1) [gi ®x(t),g 2 ®y(t)] = [gi,g 2 ] ®x(t)y(t) + K c (gi,g 2 ) Res t=0 x(t)dy(t) ■ 1, 
where k c is the invariant inner product on q defined by the formula 

(2) K c (gi,g 2 ) = --Tr s ad(gi)ad(g 2 ). 

Set g+ = g[[t]] C and 0_ = t -1 fl[t _1 ] C 0. 

Define the completion U(g) of U(q) as the inverse limit of U(Q)/U(g)(t n Q[[t]]) , 
n > 0. The action of U(g) is well-defined on the category of discrete 0-modules, 
i.e., those in which every vector is annihilated by t n 0[[t]] for some n > 0. We set 

u Ka (&) = u(S)/(i - 1). 

This algebra acts on discrete 0-modules of critical level (i.e., 0-modules on which 
the element K acts as unity). 

For a dominant integral weight A of , let 

7T A : -> End c V\ 

be the finite-dimensional irreducible representation of with the highest weight 
A. One can naturally extend this representation to 0+ = fl[[t]] by using the 
composition with the natural map g[[i]] — ► corresponding to evaluation at t = 0. 
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The Weyl module at the critical level with the highest weight A is by definition 
the induced module 

V a : = Ind I + eci Vx, 
where 1 acts on V\ as the identity. 

1.2. Action of the center and monodromy-free opers. Consider the Lang- 
lands dual Lie algebra g whose Cartan matrix is the transpose of the Cartan 
matrix of g . Denote by L G the group of inner automorphisms of L g . In [FF, Fr05j 
the center Z(g) of the completed enveloping algebra U Kc (q) at the critical level 
was identified with the algebra of polynomial functions on the space OpL G (D x ) 
of L G-opers on the disc D = SpecC((i)). 

Let us recall the notion of opers which was introduced in |BD| . Fix a Cartan 
decomposition 

i g = i ne i f)e L n- 

The Cartan subalgebra L t) is canonically identified with fj*. We denote by LT V 
the set of simple roots of L g (which is the set of simple coroots of g ) . Set 

P-i = e ~« v G Lfl ' 

a v gn v 

where the e_ a v are non-zero generators of the — a v -root subspaces in L n_ . 

The space 0]?l g (D x ) of L G-opers is the quotient of the space of connections 
on the trivial L G-bundle on D x of the form 

d+(p_i + v(z))da, v(z)G L b((z)) 

by the action of the group L N((z)) . 

Consider the action of the center Z(g) on Y\. Since Z(g) = Fun(Opi, G (-D x )) , 
the support of Y\ as a Z(g) -module is a closed subset in the space of opers 

In |FG05a] . Sect. 2.9, a closed subspace Op £ '^ eg C OpL G (D x ) of monodromy- 
free opers with regular singularity and residue determined by A was defined (this 
definition is reviewed in [Fr07| ■ Sect. 9.2.3, and in |FFT| . Sect. 4.4). 

The following assertion was proved in [FG05bj , Lemma 1.7. 

Proposition 1. The support of Y\ is contained in the subspace Op^ cg C 

<Wz> x ). 

Furthermore, in [FG07] the following theorem was proved which completely 
describes the algebra of endomorphisms of the Weyl module Va : 

Theorem 1. There is a commutative diagram 

Z(S) Fun(Op iG (D x )) 



End s (V A ) Fun(Op^^ eg ) 

The proof of this theorem given in |FG07| used non-trivial results about the 
semi-infinite cohomology of Va . The goal of this paper is to give an alternative 
proof of this theorem, in which we will not use semi-infinite cohomology, but will 
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rely instead the results about the shift of argument subalgebra from [FFR] and on 
Proposition [TJ 

1.3. Idea of the proof. The loop rotation operator —tdt acting on g defines a Z- 
grading on Z(q) and on Fun(Op£, G (D x )) , and the isomorphism of [FF] preserves 
these gradings. 

According to Proposition[Q the action of Z(g) on Y\ factors through the algebra 
Fun(Op^ eg ) . Hence it is sufficient to prove that the map Z(q) — > Endg(VA) 

is surjective, and that the character of Fun(Op^ eg ) (understood as the formal 
power series in a variable q whose q n coefficient is the dimension of the degree n 
subspace) is not greater, term by term, than that of Endg(V^) . 

The character of Fun(Opi'^ eg ) was computed in |FG07] . Sect. 5.1, and is given 
by the formula 

n (i - 9 <« v . a +p>) 

(3) a>0 



n (i — q k y ks 

k=l 

Here is a brief derivation of this formula. Recall that the algebra Fun(Opi^ eg ) 

is the quotient of the algebra Fuii(Oplq(D x )^ s ) , where Op^ S is the space of 
opers with regular singularity and residue A. The latter is a free polynomial algebra 

(k) 

with homogeneous generators P£ , where i = l,...,rkg, k > 0, whose degree 
is equal to k. The subset Op^ eg C Op^'^' S is defined by a regular sequence 
of homogeneous relations, enumerated by positive roots a of j, of the degree 
(a v , A + p) (see the above references [FG05at IFr07j IFFTj for details). This gives 
us formula ([3]). 

In order to estimate the character of Endg(VA) , we pass from Endg(VA) to its 
associated graded algebra with respect to the PBW filtration. The crucial points 
in our proof are the result of |FFR| that V\ is a cyclic module over the nilpotent 
shift of argument subalgebra Af (which turns out to be closely related to the 
associated graded algebra grEndg(VA)) and the computation of invariants from 
[Fr07j. Using these results, we obtain the desired lower bound for the character of 
grEnd 1 (V A ). 

1.4. Acknowledgements. We thank D. Gaitsgory for useful comments on the 
draft of this paper. 

2. Proof of the Theorem 

2.1. Shift of argument subalgebras. To any \i € Q* one can assign a commu- 
tative subalgebra A^ C U (g) called the quantum shift of argument subalgebra. 
This algebra comes from the center Z(q) in the following way. Let tt : g + — > g 
be the homomorphism of evaluation at t = 0. Consider the following quantum 
Hamiltonian reduction algebra 

(Ufa) u K M/u(s) ® u Ko (s)(s+ - <Q+W + - 

Here U(g) <8> U Kc (q)(q + — tt(q + )) is the left ideal generated by x — ir(x) for all 
x € g+. The center Z(q) of U Kc (q) naturally maps to this quotient. Each element 



of the above quotient has a unique representative in U(g)<giU (g_ ) C J7(g) <8 U Kc (g) . 
Thus we obtain a homomorphism Z(g) — > U(g) <S> C^(fl-) • 

The element \i G 5* defines a character /x_ : g_ — * C by ^-(xt^ 1 ) = {(i,x) and 
fj>-(xt~ k ) = for fe > 1. This gives us a homomorphism 

id®^_ : Ufa) ® -» tf(g). 

Thus, we have a homomorphism Z(g) — > E7 (3) depending on /i G g* . The subal- 
gebra A^ C U(g) is, by definition, the image of this homomorphism (see [Rl IFFTj 
for more details). 

Let 3 be the image of the center Z(g) in U(g) <£> U(g-). It follows from |FFT] . 
Theorem 5.6(1) and Lemma 5.5, that 3 is a free commutative algebra generated 
by the homogeneous (with respect to the grading defined by the loop-rotation 

(k) 

operator —tdt) elements P£ of degree k, i = 1, ...,£ = rkg, k = 0, 1, . . . , such 

that P- ^ G U(q) ® 1 are the generators of the center of U(g). The degree of P^ 
with respect to the PBW filtration is dj+1 , where d\, ■ ■ ■ , dg are the exponents of g . 
From the description of these elements given in the above reference it is easy to see 
that the associated graded of 3 with respect to the PBW filtration on the second 

factor of U(g) <g> U($-) is freely generated by elements P^ k \i = 1, . . . , rkg, k > 0, 

(k) ^ 

such that Pj G J7(g) <8> S(q-) for i = 1, . . . ,rkg, k = 0, 1, . . . , di, where the di 
are the exponents of g, and P^ G 1 <8> S(g_) for i = 1, . . . , rkg, k > di. 

Lemma 1. ('see also [FFT], Lemma 3.13) For regular fi the images of 3 C 
U(g) ® f/(fl-) and gr3 C ^(0) <& S(q~) under id®/i_ and id(g>gr/i_ ; respec- 
tively, coincide and are equal to the same commutative subalgebra A^ C U(g). 

Proof. According to [RJ, Theorem 1, and [FFT], Theorem 5.8, for any regular 

(k) 

fi G g* the subalgebra Ap C U (g) is freely generated by the images of P> ' with 
i = 1, ...,rkg, k = 0,1,..., di, where the di are the exponents of g. Since 

(k) 

the elements P- are homogeneous with respect to the loop rotation operator, 

the image of P- {fc) in U(g) ® Sigt' 1 ) = U(g) ® I7(t -1 fl[t- 1 ]/(l ® i -2 ^ -1 ]) is 
homogeneous with respect to the grading on the second factor, and hence coincides 

with the image of P- (fc) in U(g) ® ^gt" 1 ) = C/(g) ^-^[t -1 ]/^ ® t~ 2 fl[t -1 ]). 
Since the homomorphism id®/i_ factors through ?7(g) <g) 5(gi _1 ), we have 

id ®fz_ (pf 5 ) = id ® gr /i_ (pf ] ) . 

Therefore the images of P^ G t/(g) <8> S($-) with fc = 0, 1, . . . , di under the map 
id®gr^_ generate the same commutative subalgebra Ap C U(g). □ 

We remark that a certain limit of A^ in the case when g = sl n may be identified 
with the Gelfand-Zetlin algebra (see [R]). Hence the algebra Ap may be thought 
of as a generalization of the Gelfand-Zetlin algebra to an arbitrary simple Lie 
algebra. 

An important special case is when fi G g* ~ g is a regular nilpotent element. 
Since all of these elements belong to a single coadjoint orbit, it is sufficient to 
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consider one particular representative. Let 

(4) / = e -« G - 0* 

(the last isomorphism is obtained from any non-degenerate inner product on q 
which we fix once and for all) be the principal nilpotent element. Let {e, h, /} 
be a principal 5(2 -triple in q containing /. The operator adh defines a gradation 
on U(g) which is called the principal gradation. The algebra At is generated by 
homogeneous elements with respect to the principal gradation on U(q) . Moreover, 
the homomorphism Z(q) —> Af is a homomorphism of graded algebras. The 
algebra Af acts on V\ by creation operators. 
The following result was proved in [FFR]: 

Theorem 2. The module V\ is cyclic as an A^ -module for any regular fj, G 0* . 
Moreover, if fj, = f , then the highest weight vector of V\ is a cyclic vector. 

2.2. The associated graded of Endg(VA) . Each endomorphism of the Weyl 
module Va is uniquely determined by the image of the generating subspace V\ C 
Y\ . Hence the algebra End-g(V^) may be naturally identified with 

(Endc(VA) ® C/ Kc (g)/End c (y A ) ® U Kc (g)(S+ ~ ^x(Q + ))f s+ ■ 

Here Endc(V\) ® U Kc (jf)(g+ — tt\(q+)) is the left ideal generated by x — k\{x) 
for all 1 £ J + , Since each element of the above quotient algebra has a unique 
representative in Endc(V\) ® U(q-), the algebra Endg(VA) may be regarded as a 
subalgebra IS C Endc(Vx) <S>U(g-) (in the same way as in the previous subsection). 

Let Z C 23 = Endg(VA) be the image of the center of the completed enveloping 
algebra at the critical level Z(g) C U Kc (q). Since each element of 23 commutes 
with U Kc (q) , we find that Z belongs to the center of 23. 

Consider a filtration on the algebra Endc(V\)®?7(g_) determined by the trivial 
filtration on the first factor and the PBW filtration on the second one. This 
filtration determines (by restriction to a subalgebra) nitrations on H> and Z . Due 
to the PBW theorem, the associated graded of Endc(V^) <g) U(q~) is 

End c (F A ) ® - Endc(VA) ® Fun(g[[t]]). 

The isomorphism S(q-) ~ Fun(g[[i]]) depends on the choice of an invariant non- 
degenerate scalar product (•, •) on q. Namely, a linear element xt~ k € S(g-) maps 
to a linear function defined on y(t) G 0[[t]] as Kest=o(x, y{t))t~ k . In particular, 
^(fl^ 1 ) does to Fun(g) under this isomorphism. 
The associated graded of 23 , 

23 := gr 23 = gr (End c (y A ) ® U Kc (g) / End c (V x ) ® C/ /tc (fl)(?+ " ^a(?+))) 1+ , 
is naturally embedded into 

(5) (gr(End c (yA) ® C/ Kc (fl)/Endc(^) ® U Kc (d)(d+ ~ ^a(5+)))) ?+ 

^(End c (V x )®Fun(Q[[t]])f [t]] . 

However, it was shown in [Fr07] that this embedding is not an isomorphism 
unless A = or minuscule (the reason for this is that it is only for these A that 
the module V\ is cyclic for the centralizer a/ of the principal nilpotent element 
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/). Nevertheless, we will now use our results on the shift of argument subalgebra 
from [FFR| to give an estimate of the image of S in ([5]), which will turn out to be 
sufficient for our purposes. 
The subalgebra 



Z := grZ C (Endc(VA) ®Fun(0[[t]])) 



9LI 



is generated by the elements 7r A <g> l(P i ) with i = 1, . . . ,rk0, k > (this follows 

from the definition of the elements P^ ) . 
Consider the subalgebra 

ZJ := 1 ® Fun( [[t]])0[Wl C (End c (F A ) ® Fun(g[[t]])) sM . 



Lemma 2. T7ie algebra Z' is a free polynomial algebra generated by 7r A ® l(P^) 
mt/i i = 1, . . . ,rkg, > dj + 1, and hence Z' C Z. 

Proof. According to a result of [BD] (see |Fr07| . Theorem 3.4.2, for a proof), the 
algebra Z' is a free polynomial algebra generated by some homogeneous elements 

(k) 

with i = 1, . . . , rkg, > + 1 of degrees k with respect to the loop-rotation 
grading and di + 1 with respect to the grading by the degree of polynomials. 

(k) 

Hence the elements P£ with i = 1, .. . , rkg, > + 1 generate a free poly- 
nomial subalgebra of the same size in (U(g) <8> Fun(g[[i]])) ^' . Thus it remains 

to show that p/ fe) e 10 Fun(g[[t]])s[Ml . Note that the elements P} k) 6 Z with 
i = 1, ...,rkg, k > dj + 1 are homogeneous with respect to the loop-rotation 
grading, and hence their leading terms with respect to the PBW filtration belong 

to 1 <g> U(g-). Therefore pj; k) £ 10 Fun(g[[t]]) s [Ml . Hence the assertion. □ 



Let J be the left ideal in (End c (y A ) <8> Fun(g [[t]])) s[[t]1 generated by all 
(i = 1, . . . ,rkg, k > di + 1). According to [Fr07j, Sects. 9.6.4-9.6.5, the algebra 
(Endc(Vx) ® Fun(g[[i]])) ^' is a free Z'-module. Any space of generators of this 
module is therefore isomorphic to the space of J-coinvariants 

(End c (F A ) <8> Fun( [[t]])) 9[M1 /3 ~ (End c (F A ) ® Fun(g)) 9 /1 Fun(g) , 

where Fun( ) s f is the maximal graded ideal in Fun(fj) 9 . 

According to [K], the latter quotient has the following description. Let / £ g = 
g • 1 C fl[[i]] be the principal nilpotent element @. The evaluation homomorphism 
at /, 

id®e V/ : Endc(^A) ® Fun(g[[i]]) -> End c (Vx) 
annihilates J and gives rise to an isomorphism 

(Endc(F A ) ® Fun(fl[[f]])) B ^ /J ~ End a/ (y A ), 

where ay C g is the centralizer of /. This is an isomorphism of graded algebras 
with respect to the loop-rotation grading (defined by the operator —tdt) on the 
left-hand side and the principal grading on the right-hand side. 

Let now Af C U(g) be the quantum shift of argument subalgebra corresponding 
to the principal nilpotent element / G g = g* . 
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Lemma 3. There is a commutative diagram of graded algebras (with respect to 
the loop-rotation grading on the left-hand side and the principal grading on the 
right-hand side). 

Z/CJnZ) ir x (A f ) 
B/(JnS) — - — > End^,(V x ) 



(End c (V x ) ®Fun(g[[t]])) 8 ^ /J — ^ End n/ (F A ) 

Proof. By definition of the quantum shift of argument subalgebra, id®/_(Z) is 
7Ta(.A/) C Endc(Vx). Since gr/_ = evj, Lemma [1] implies that id(g>ev/(Z) = 
ir\(Af). Since Z belongs to the center of 23, we have id(g>evy(23) C End^..(Vx)- 
On the other hand, according to Theorem O the algebra Af has a cyclic vector 
in V\ . Hence 

End Af (Vx) = TT\(A.f) = id®ev f (Z) C id ® e V/ (23 ) . 

Thus, we obtain the opposite inclusion, which proves the assertion of the lemma. 

□ 

Now we are going to prove that 23 = Z. Note that the algebra Z is generated 

over Z' by the elements 7r x <8> l(P^) with % = 1, . . . ,rkg, k < d{. Due to the 

same " homogeneity" argument as in Lemmas Q] and [2] we find that tt\ ® l(P$ k) ) 
with i = 1, ... ,rkg, k < di belong to Endc(Vx) ® S^t^ 1 ) = Endc(Vx) ® Fun(g). 
Hence we can lift the graded space n Z) = 23/(3 n 23) to a graded subspace 
N cZn Fun(g) . 

Lemma 4. 23 and Z are both free Z' -modules generated by N. 

Proof. Let M C (Endc(^A) <8> Fun(g)) be a space of generators of 

(End c (FA)»Fun( [[i]])) M 

as a free Z' -module, containing N . Clearly, M also freely generates the Fun(g) - 
module (End c (y A ) ® Fun(g)) 9 . 

For each regular /xo 6 , the evaluation at fio gives us an isomorphism of vector 
spaces 

id®ev M : M ^ End 3B ( M) V\, 
where 3 (/io) is the centralizer of fio m (this is a classical result due to Kostant 
[K] ) . Since N C Z , we have id (8) ev M (iV) C 7Ta (A^ ) . Since id <S> ev M is an 
injection on M, we have dim(id<8>ev w ,(iV)) = dimiV = dimVx = dim7TA(A M0 ). 
Hence, for each regular fiQ € 0, the evaluation at fio gives us an isomorphism of 
vector spaces 

id<g>ev w : N 7Ta(.A Mo ). 

Therefore, for any fj, = [j,q + tfii H € fl[[i]] , we have id ® ev At (Z • TV) = 7Ta(A Mo ) . 

The sub modules 23 C Z ■ M and Z C Z ■ M clearly contain Z ■ N . Since 
Z ■ N C Z, the subalgebras id <g> ev^(Z.) C Endc V\ and ev At (23) C End<c V\ belong 

7 



to the commutant of id Cg ev^(N) = ir\(A fJi0 ) in Endc V\ for any fj, = /i + tfii + 
• • • € with regular //o- By Theorem [21 V\ is a cyclic A w -module and hence 
^xiAno) = En dyi M0 (Vx). Thus we have 

id®ev^(Z' • iV) = 7r A (yi M0 ) = End^ Q (y A ) = id® ev M (23) = id® ev M (Z). 

Since Z is the algebra of g[[t]] -invariant functions on g[[t]], each point of Spec z' 
has a representative in g[[t\] of the form fj, = fiQ + tfii + • • • G g[[i]] with regular 
/io • Therefore we find that the images of 23 and Z in the quotient of Z ■ M by 
each maximal ideal of Z have the same dimension equal to dim N = dim V\ . 

Let C be a complementary subspace to iV in the space of generators M, and 
let ci,...,c n be a basis of C. Then Z ■ M = Z ■ N © Z ■ C. Suppose that 
S / Z 'JV. Then the module 23 contains an element from Z ■ C of the form 
Z1C1 + ... + z n c n with Z{ £ Z . Choose a maximal ideal J C Z such that z\ tfL J 
(i.e. /i = yUo + + • • • S with regular /io such that zi(/i) 7^ 0). Then 

23/(03 n J • M) D JV + ci and therefore dim 23/(23 n J • M) > dimiV. On the other 
hand, we have found above that dim 23/(23 n J-M) = dimiV for all maximal ideals 
J. Hence we obtain a contradiction. In the same way we prove that Z = Z-N . □ 

Corollary 1. 23 = Z. 

Thus, the homomorphism Z(g) — > Endg(V A ) is surjective. Hence it remains 
to show that the character of Z (or, equivalently, Z) is not smaller than that of 
Fun(Op L '^ eg ) . This will be done in the next section. 

2.3. Comparison of characters. According to [FFR] . the character of n\(Af) 
is the same as that of V\ with respect to the principal grading, which is known to 
be 

11 (1 -q^^) 

n(i-^ v ' p> ) ' 

The denominator may be rewritten as 

n(i-^)=nn( i -9*)- 

a>0 i=lfc=l 

On the other hand, the character of Z' (with respect to the loop-rotation grading) 

rkg 00 _ 

1S Yi ll (1 — Q k )- According to Lemma [3] and Lemma [H Z is a free % -module 

i=l fc=eZi+l 

with the space of generators tt\ (Af). Hence the character of Z is the product of 
those of ir\(Af) and Z . Therefore it is equal to 

n (1 - g <°v+p>) 

q>0 

00 ' 

n (1 - q k y ks 

k=l 

which coincides with the character of Fun(Op^ eg ) given by formula ([3j) . 
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Since Z factors through Fun(Op i ' ( ij eg ) by Proposition [T] and we have shown that 
the homomorphism Z(g) — > End^V^) is surjective, this completes the proof of 
Theorem [TJ 
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